SJS

The Self Journal of Science

Research article

Inhomogeneous matter distribution and supernovae
Version 1
Clément Stahl 1
1.

ICRANet

Made public on May, 20th 2016 under Creative Commons 4.0 Attribution License
Reviewed and discussed at http://www.sjscience.org/article?id=539

Abstract This work investigates a simple inhomogeneous cosmological model within the
Lemaître-Tolman-Bondi (LTB) metric. The mass-scale function of the LTB model is taken
to be M (r) ∝ rd and would correspond to a fractal distribution for 0 < d < 3. The luminosity
distance for this model is computed and then compared to supernovae data. Unlike LTB models
which have in the most general case two free functions, our model has only two free parameters
as the flat standard model of cosmology. The best fit obtained is a matter distribution with an
exponent of d = 3.44 revealing that supernovae data do not favor those fractal models.
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Abstract
This work investigates a simple inhomogeneous cosmological model
within the Lematre-Tolman-Bondi (LTB) metric. The mass-scale function
of the LTB model is taken to be M (r) ∝ rd and would correspond to a
fractal distribution for 0 < d < 3. The luminosity distance for this model
is computed and then compared to supernovae data. Unlike LTB models
which have in the most general case two free functions, our model has
only two free parameters as the flat standard model of cosmology. The
best fit obtained is a matter distribution with an exponent of d = 3.44
revealing that supernovae data do not favor those fractal models.
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Introduction

The discovery that the observed peak luminosity of the IA supernovae (SNe
IA) was smaller than the one implied by a Λ = 0 Friedmann-Lemaı̂tre-RobertsonWalker (FLRW) model leads most of the scientific community to believe that
our Universe was expanding at an increasing rate. To drive this expansion, an
unknown perfect fluid Λ, dubbed dark energy, has been introduced by hand.
Indeed a detailed fitting procedure, leads to the conclusion that the best-fit
model is a flat FLRW metric filled with dark energy (68%) and pressureless
matter (32%). This is called the concordance or ΛCDM model and is widely
accepted and taught as the best candidate so far to describe our Universe. The
very assumption of the ΛCDM model is that the geometry of our Universe is
described by spatially homogeneous and isotropic spacetimes (called FLRW).
Whereas statistical isotropy about our position has been established with a remarkable precision with the cosmic microwave background spectrum (CMB)
observations,1 statistical homogeneity on large scale is hard to probe mainly
because it is hard to distinguish a temporal from a spatial evolution on the past
light cone (two good reviews: Refs.2, 3 ). This motivates to investigate more general spacetimes where the very assumption of statistical homogeneity is relaxed.
In the framework of Einstein’s general relativity, a natural way to create an
apparent acceleration is to introduce large-scale inhomogeneous matter distribution. This leads to many controversial philosophical debates (see eg. Ref.4 ).
∗ clement.stahl@icranet.org
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It has been shown that the Lematre-Tolman-Bondi (LTB)5–7 metric can successfully fit the dimming of the SNe IA by modeling radial inhomogeneities in
a suitable way.8, 9 The fit of mass profiles to various datasets, including SNe,
was performed for instance in Ref.10 The deduced acceleration of the expansion
of the Universe induced by this unknown dark energy would be nothing but a
mirage due to light traveling through an inhomogeneous medium, as explained
eg. in Ref.11 However one caveat to these inhomogeneous LTB models is that
under very mild assumptions on regularity and asymptotic behavior of the free
functions of the LTB model, any pair of sets of conjugate observational data
(for instance the pairs {angular diameter distance, mass density in the redshift
space} or {angular diameter distance, expansion rate}) can be reproduced.12, 13
Proposing an alternative to the FLRW model which has so much freedom that
it can fit any data sets seems problematic. Hence physical criteria are required
to constrain the LTB models.
Then a data analysis is performed with the SNe IA data of Union2.1.14 The
result is that the data favor the flat FLRW model but the parametric LTB model
fits also the data reasonably good. We argue that this model is interesting for
two reasons. On the one hand, to show that a parametric LTB model can indeed
fit SNIa data without dark energy even though it has much less freedom than
the full general LTB model. On the other hand, to open the road to perform
more broad and robust data analysis to check if indeed those classes of models
can explain all the diverse cosmological data (CMB anisotropies and polarization, Integrated Sachs Wolfe effect, light element abundances, Baryon Acoustic
Oscillation, Galaxies Surveys...) The paper is divided as follow, in section 2, we
propose to discuss some of the theoretical and philosophical challenges for the
homogeneous universes. Then we describe in section 3, the main ingredients
of our parametric LTB model. The final goal of this section is to obtain an
expression for the luminosity distance in the parametric LTB model. Then in
section 4, a data analysis is performed to determined if this model can also account for the observed data of the SNe IA. A connection to fractal cosmologies
is proposed in section 5. Some concluding remarks and perspectives are drawn
in section 6.
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Homogeneity or inhomogeneity?

In this section, we posit some theoretical and philosophical thoughts on the
choice of the FLRW metric to describe our Universe.
The observations of the CMB and galaxies surveys advocate for a universe statistically isotropic around us. Within these observations, usually one adds a
principle to determine which class of cosmological solutions describes our Universe. The cosmological principle states that the Universe is spatially statistically homogeneous and isotropic. The Copernican principle is weaker and
states that no observer has a peculiar position in the Universe. Combined with
an isotropy hypothesis, the Copernican principle implies the cosmological principle. The cosmological principle is very ambitious because it conjectures on the
geometry of the (possibly) infinite Universe whereas the Copernican principle
applies only to the observable universe. Even though ”principle” is an appealing
wording, it reflects nothing but a confession of lack of knowledge on the matter
2

distribution on large scale. Indeed, homogeneity cannot be directly observed in
the galaxy distribution or in the CMB since we observe on the past lightcone
and not on spatial hypersurfaces. An interesting study might be to consider
this lack of knowledge in the context of the information theory and try to quantify how much information one can extract with idealized measurements and if
this permits to draw any cosmological conclusion. Note11 that FLRW models
can only be called Copernician if one considers our spatial position. Considering FLRW models from a fully relativistic point of view: that is considering the
observer in the four-dimensional spacetime, the model cannot be called Copernican. Indeed, whereas our position in space is not special, our temporal location
is. Within the ΛCDM model, this caveat is called the coincidence problem.
FLRW metric is the cosmological solution corresponding to a homogeneous
and isotropic spacetime. Of course, the homogeneity and isotropy are valid up
to some scale called the isotropic and homogeneity scale. On an epistemological
point of view, it is unsatisfactory to have a model for a universe which is homogeneous but does not have any built-in prescription for its scale of homogeneity.
A common order of magnitude for the homogeneity scale is hundred of Megaparsec but observations of larger and larger structures are being reported in the
past decades (Ref.15 for a recent example). Many people see them as Black
Swan events but they could be more fundamental. It is furthermore interesting
to note that the Hubble law is starting to be true when the proper velocity of
the galaxy can be neglected ie. around 10 Mpc whereas the homogeneity scale
is known to be much above (∼ 100 Mpc).
It has also been questioned whether the homogeneity assumption should be
applied to Einstein tensor or the metric itself.16 It is indeed known that in
the general case < Gµν (gµν ) >6= Gµν (< gµν >), where < ... > denotes spatial
average. This idea is really hard to implement because Einstein’s equations are
not tensor equations after the averaging procedure (changing from covariant to
contravariant indices alters the equations). Then only tensors of rank 0 and
scalars would have well behaved average.17 The consequences of this approach
are still unclear.18
Describing our Universe with a FLRW spacetime does not tackle the socalled ”Ricci-Weyl” problem. Ths usual FLRW geometry is characterized by
a vanishing Weyl tensor and a non-zero Ricci tensor whereas in reality, it is
believed that light is traveling mostly in vacuum where the Ricci tensor vanished
and the Weyl is non-zero (see eg. Ref.19 and references therein for more details).
The parametric LTB models described in the next sections would be a possible
extension of the Swiss-cheese models described in Ref.19 It would break the
continuous limit and should reproduce more accurately the actual large-scale
structure of our Universe (with voids and filaments).
The problems described previously are mainly gravitating around homogeneity assumption. Our current standard model of cosmology has many puzzling
features: some fine-tuning problems,20 the cosmological constant problem.21 Inhomogeneous spacetime are less studied so their drawbacks are less known but
they could give clues on the above mentioned problems.
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LTB model:

The goal of this section is to derive an expression for the luminosity distance
in a LTB model. To do so, we will first present some generalities about LTB
model and then specify the class of models we will focus on. To connect to
observations, the distances in LTB spacetime are presented and the final result
for the luminosity distance is shown in Eq. 7.

3.1

LTB model: generalities

The model describes a spherically symmetric dust distribution of matter. In
coordinates comoving with the dust and in synchronous time gauge, the line
element of the LTB metric is given by:
ds2 = dt2 −

R02 (r, t) 2
dr − R2 (r, t)dΩ2 .
f 2 (r)

(1)

Our convention for derivatives are that a prime denotes a derivative with respect
to the radial coordinate r and a dot a derivative with respect to cosmological
time. R(r, t) is the areal radius function, a generalization of the scale factor in
FLRW spacetimes. It also has a geometrical meaning as it can be interpreted
as the angular distance, as we will discuss in section 3.2. f (r) is the energy
per unit mass in a comoving sphere and also represents a measure of the local
curvature.
The time evolution of the areal radius function is given by the Einstein equation
which reads:
R˙2 (r, t)
M (r)
f (r)2 − 1
−
=
,
(2)
2
R(r, t)
2
where M (r) is a second free function. After integrating (2), one will find the
third free function of the LTB model, namely tB (r) which is the bang time for
worldlines at radius r. One will consider only a small class of LTB solutions.
First the equations of the LTB model (1, 2) are invariant under the change of
radial coordinate r → r + g(r) where g(r) is an arbitrary function. This gives
the possibility to choose one of the free function of the LTB model arbitrarily.
The assumptions for these solutions are:
• The gauge freedom explained above allows us to choose one unique bigbang : tB (r) constant.
• We consider parabolic LTB solutions so that the geometry is flat: f (r) = 1
• The free function M (r) can be interpreted as the cumulative radius of
matter inside a sphere of comoving size r.7 At this point, it is worth noting
that a Einstein-de Sitter universe (flat, matter only, FLRW universe) is
recovered for M (r) = M0 r3 .
We choose the form of the free function M (r) as following:
M (r) = Mg N (r) = Mg σrd ,

(3)

where Mg is the mass of a galaxy. This choice is our prescription to restrain
the free function of the LTB models. (σ, d) are two free parameters which will
constrained by supernovae data. In section 5, a connection to fractal cosmologies
will be described.
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3.2

Observational distance

We will follow Ref.22 for the definition of distances, more information and
references can be found in that piece of work. Ellis23 gave a definition of the
angular distance which applied to the LTB metric gives dA = R, one applies
furthermore Etherington reciprocity theorem:24
dL = (1 + z)2 dA ,

(4)

which is true for general spacetime provided that source and observer are connected through null geodesics. Since, one considers a small class of parametric
LTB model, an analytic solution of (2) can be found:

R(r, t) =

9M (r)
2

1/3

(tB + t)2/3 .

(5)

Assuming a single radial geodesic,12 an analytical expression for the redshift as
a function of the radial coordinate has been found in Ref.:22
2/3

2/3

1 + z(r) =

tB
tB
=
.
(tB + t)2/3
(tB − r)2/3

(6)

Using Eqs. (3)(4)(5)(6), it is possible to propose an expression for the parametric
LTB luminosity distance:

dL =

9σMg
2

1/3

d+2
3

tB

d/3
(1 + z)3/2 − 1
.
(1 + z)d/2−1

(7)

This will be the formula we will confront to its FLRW counterpart, it is only
a function of the two parameters characterizing the matter distribution (σ,d).
We will work with the following units: the unit of mass is 2.09 × 1022 M , the
time unit is 3.26 × 109 years and the distances are given in Gpc. The big-bang
time will be taken for the data analysis to be equal to 4.3.

4

Supernovae data analysis

In this section, we will fit the Union2.1 compilation released by the Supernova
Cosmology Project.14 It is composed of 580 uniformly analyzed SNe IA and is
currently the largest and most recent public available sample of standardized
SNe IA. The redshifts range is up to z = 1.5

flat FLRW
parametric LTB

parameter 1
ΩM = 0.30 ± 0.03
d = 3.44 ± 0.03

parameter 2
h = 0.704 ± 0.006
σ 1/3 = 0.192 ± 0.002

χ2
538
973

A χ2 fit has been performed, it consists in minimizing the χ2 defined as:
2
580 
X
dL (i) − dL (parameter 1, parameter 2)
χ (parameter 1, parameter 2) ≡
∆dL (i)
i=1
(8)
2
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where ∆dL (i) is the observational error bar for each data point indexed by i.
The results are presented in the table together with the 95% confidence
interval ΩM and h are the two free parameters of the flat FLRW model. Recall
that ΩΛ is related to ΩM with the relation ΩΛ + ΩM = 1 ; h is related to the
km
Hubble constant via H0 ≡ 100h Mpc
s . The Hubble diagram and the associated
residuals are plotted in Fig. 1. Our results for the FLRW case are in
agreement with the current literature on the cosmological parameters1
although the uncertainties are bigger. Interestingly the parametric LTB
models gives results with are not compatible with a FLRW in the sense that to
recover the FLRW model, d has to be exactly 3. Looking at the confidence
interval ellipses displayed in Fig. (4) the value d = 3 is ruled out by more than
5σ. This illustrates that eventhough, the data are not better fitted by the
parametric LTB model, it still does better than an Einstein de Sitter one
(which would be ΩM = 1).
The shape of the SNe IA is empirically well understood but their absolute
magnitude is unknown and need to be calibrated. One need either to
analytically marginalize the assumed Hubble rate (or equivalently the absolute
magnitude of the supernovae),25 appendix C.2 of Ref.,26 or to use a weight
matrix formalism (cf. Ref.27 ). Moreover, several authors pointed out the fact
that the supernovae sample reduced with the SALT-II light-curve fitter from
Ref.28 are systematically biased toward the standard cosmological model and
are showing a tendency to disfavor alternative cosmologies.29–31 This might be
an reason why the parametric LTB model fit has a bigger χ2 .
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A connection to fractal cosmologies

In this section, we will first review the use of fractal and explain how our
model could be related to fractal matter distribution. The idea of fractals
relies on spatial power law scaling, self-similarity and structure recursiveness.32
These features are present in the formula:
N (r) ∼ rd ,

(9)

where d is the fractal dimension, r the scale measure and N(r) the
distribution which manifests a fractal behavior. If d is an integer, it can be
associated to the usual distribution (point-like for d=0, a line for d=1 and so
on). The further from the spatial dimension, the more the fractal structure is
”broken” or irregular. Note that topological arguments requires the fractal
dimension to be smaller than the spatial dimension in which the fractal in
embedded. This features of irregularity were useful to describe various
structures from coastlines shapes to structure of clouds. In the context of
cosmology, a fractal distribution would simply describe how clumpy,
inhomogeneous our Universe is. Historically, this idea was popular in the late
80’s,33–35 then some more modern models were developed36–38 and the relation
to cosmological observation was also was worked out (see Refs.39–41 and
references therein for an analysis with galaxy distribution).
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Using LTB models together with a fractal matter distribution has been
already considered in Refs.42–47 In Ref.,22 following Ref.,33 the authors
proposed a fractal inspired model by taking the luminosity distance as the
spatial separation of the fractal (N (r) = σ(dL )d ). This is motivated by the
view of the fractal structure as an observational feature of the galaxy
distribution. Since astronomical observation are carried out on the past null
cone, the underlying structure of galaxy may not be itself fractal.42, 43 The
model proposed by Ref.22 (and Ref. therein) is interesting but a clear problem
appears, if one uses the self-similarity condition for the LTB model
(Eq. (3.17)), it is clear that, at z = 0, the mass function is not zero which is
unsatisfactory (cf. also Fig. 3.5). In the same way, it can be shown that within
the framework of Ref.,22 the luminosity distance is non zero at z = 0, again
this shows that this model cannot describe our Universe at low redshift.
The model we considered in the previous sections is such that N (r) = σrd
and could correspond to a fractal matter distribution if 0 < d < 3 from
topological considerations. The fractal is described by the coordinate r, that is
the fractal structure is a geometrical effect which does not necessarily translate
itself in an astronomically observable quantity. Contemplating the best fit of
d = 3.44 and within our working hypothesis, we can state that supernovae IA
data do not support fractal models.
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Conclusion and Perspectives

A parametric LTB model has been introduced in this work. It is
characterized by two parameters (σ,d) like the flat FLRW model (H0 ,ΩM ).
The link to SNIa data was then worked out leading to a comparison between
the flat FLRW model and the parametric LTB model. The parametric LTB
model can fit the data reasonably but the standard FLRW fit the data better.
To keep testing such models, it is desirable to improve the data analysis with
more elaborate techniques for SNe IA but also with others data sets eg. CMB
anisotropies and polarization, Integrated Sachs Wolfe effect, light element
abundances, baryon acoustic oscillation, Galaxies Surveys... One of the
motivation to build such a model was to propose a physical input to constrain
the general LTB where the two free functions that this model enjoys allow to
fit any cosmological data under mild assumption on these free functions.12
The parametric LTB model of this paper can be generalized to cases where
tB (r) is not constant or (but not and because of the gauge freedom of the free
functions of the LTB metric) by considering non uniformly flat geometries. It
has been shown for instance in Ref.48 that a nonsimultaneous big-bang can
also account for the acceleration of the expansion of the Universe.
Since FLRW models are nowadays the most popular ones, many caveats of
them are known and investigated with special care (cf. Sec. 2). Even though,
the LTB metric is less popular, some problems have also been identified and
investigated. To account for the remarkable uniformity of the CMB
observation, our location in the Universe has to be fine-tuned at (or close up
to 1% to) the symmetry center of the LTB model26 clearly violating the
Copernican principle. Whether this fine-tuning is problematic is still debated
7

nowadays:11, 49 for instance the FLRW model is also non-copernican from a
fully-relativistic point of view. Another direction would be not to take LTB
models too literally.11, 13 As for the FLRW, LTB models should be considered
as a an approximation of the reality. In some average sense, it could be that
an inhomogeneous metric captures the real world better than a perfectly
symmetric one.50 Other exact non spherically symmetric solutions exist, like
the Szekeres model,51, 52 examples patching together FLRW and LTB metrics
in a kind of Swiss cheese model,53 patching Kasner and FLRW models,19
meatball models.54 Thus those models should not be taken as way to describe
exactly our reality but as attempt to investigate inhomogeneous metric and
see how much of our reality it grasps. Most of those extensions are in
agreement with the Copernican principle.
When it comes to discuss structure formation in the FLRW model, one still
assumes spatial homogeneity and isotropy but considers the forming structures
as metric and matter perturbations. Performing the perturbation theory in a
LTB metric is a really complex task, especially because a scalar-vector-tensor
decomposition does not allow anymore to study separately the scalar, vector
and tensor modes. Instead the ”natural” variables to perform the perturbation
theory give in the FLRW limit a cumberstone combination of scalars vectors
and tensors. Efforts were done in this direction55, 56 but the perturbation
techniques are not yet advanced enough to be challenged with realistic
numerical simulations and observations as the FLRW model. In addition, the
observation indicates the Universe to be very flat which created a fine-tuning
problem christened the flatness problem. The solution for the FLRW universe
was a period of inflation. Aiming at describing the early Universe with a LTB
model, the same flatness problem might appear. However inflation would then
occur differently in separate space location. This is a bizarre feature on which
one can only speculates the consequences. It might be one different way to
touch the multiverse scenario.57 With a loss of generality for the free functions,
it is always possible to demand the LTB model to approach the homogeneous
limit in the early times, in which case the inflationary FLRW results apply.58
To finish, all the models involving inhomogeneities do not solve the
cosmological constant problem21 but just shift it. From explaining a fairly
unnatural value for it, one just assumes it is zero without providing any
explanation. This is in complete disagreement with Loverlock theorem which
states the cosmological constant appears naturally in any metric theory of
gravity.59, 60 All the models of dynamical dark energy suffer from the same
criticism.
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Figure 1: Best fitting line for the FLRW
model (red, upper curve) and the parametric LTB (orange, lower curve), the
quantitative results are given in the table.
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Figure 2: Residuals errors for the
FLRW model
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Figure 4: 1, 3, 5 σ confidence limits for
the parametric LTB model.
100

200

300

12
Figure 3: Residuals errors for the parametric LTB model
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